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Summary. In this paper we approach the problem of the hierarchical clustering through
membrane computing. A specific P system with external output is designed for each
boolean matrix associated with a finite set of individuals. The computation of the sys-
tem allows us to obtain one of the possible classifications in a non-deterministic way.
The amount of resources required in the constructions is polynomial in the number of
individuals and the number of characteristics analyzed.

1 Introduction

Researchers develop a lot of investigation that depend on many factors and this
makes their study very complex. In order to simplify and make the problems more
tractable it is necessary to group individuals with similar characteristics. The
individuals are characterized by a high number of properties so the grouping is
not a simple task. The clustering methods appear with the purpose of establishing
a methodology with a statistical base in order to obtain the groupings of the
individuals according to their degree of similarity.

There are different methods of ranking the groups of individuals. In order to
simplify it we can consider two types, the nonhierarchical clustering and the hier-
archical clustering. In a nonhierarchical clustering homogenous groups are formed
without establishing relations among them; in the hierarchical clustering the in-
dividuals are grouped in levels. The inferior levels are contained in the superior
levels. The hierarchical clustering is the most used and it is dealt with in this

paper.
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Hierarchical clustering refers to the formation of a recursive clustering of the
individuals by means of the partitions Py, P, ..., Py, of the set of N individuals
with 1 < m < N—1. The partition Py consists of N groups each one of them formed
by a single individual. The groups that form this partition join progressively until
arriving at the last partition, P,,, that consists of a single group formed by all the
individuals. In each step the two most similar groups are joined according to a
previously established criterion.

Researchers use the clustering to characterize and to order a vast amount
of information on the variability of population of individuals. These populations
are grouped in more or less homogenous clusters based on their properties. This
methodology has been applied in fields as diverse as Medicine, Biology, classifica-
tion of words, of the fingerprints, artificial intelligence... Recently the clustering
has been applied to the classification of musical genre [13], to predict essential
hypertension [12], in the classification of material planning and control systems
[9], in the classification of the ocean color [1], in the classification of the plants
gens [14].

The different groups obtained by means of the classification are characterized
by different levels of the measured variables. These values allow us to give com-
mon properties of the individuals belonging to the same group. To have established
groups allows us to identify the most similar cluster of a new individual. The char-
acteristics measured of the individuals can be qualitative variables or quantitative
variables. In most cases we are only interested in the presence or absence of certain
qualitative characteristics. So in this paper we make a hierarchical clustering using
dichotomizing variables by means of membrane computing.

In this paper the problem of hierarchical clustering is approached with the
framework of cellular computing with membranes. It is interesting because allows
us treated some statistics topics with this new models of computation. The amount
of used resources is polynomial in the number of individuals and the number of
characterizes analyzed without increasing the complexity of the classical clustering
algorithms.

In the following, we assume that the reader is familiar with the basic notions
of P systems, and we refer, for details, to [7], [15], [8], [6].

2 Overview

2.1 Hierarchical Clustering

In order to obtain a hierarchical clustering we need a set of observations or indi-
viduals that we define as follows:

Definition 1. A k-set 2 over a metric space (E,d), with d(E x E) C N, is a
subset of EF.

The hierarchical clustering needs a finite k-set {2 with N elements, {2 =
{wi,...,wn}. The elements of the set 2 are called individuals or observations
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and their components in the k-tuple are denoted characteristics or variables. The
values of the individuals can be represented in matrix form:

Wil Wiz - Wik

W21 W2 - W2k
Py = B

WN1 WN2 *** WNE

where w;; is the value of the j-th variable of the individual i.

The objective of any clustering is to group the individuals in similar groups
whose members are all close to one another with various dimensions being mea-
sured. It will be necessary to establish criteria in order to measure the similarity
between individuals and similarity between groups. Evidently, the clustering that
is obtained will depend on the similarity function that is chosen. This function is
called similarity and it is defined as follows [10].

Definition 2. A similarity over a finite k—set £2 = {w1,...,wN} is a function s
of 2 x £ in RY that verifies

o s is symmetric, that is V(w;,w;) € 2 x 2 s(w;,w;) = s(wj,w;)
o Vwjw;€Ruwithi#j: s(wi,w;)=s(wjwj)> s(wi,w;)

In this paper we work with dichotomizing variables, in particular their val-
ues are denoted by 0 and 1. One of the similarities most used for dichotomizing
variables is the similarity of Sokal and Michener [2] and it is defined by:

k

D (1= lwir —wiel) (1)

r=1

Vwi,w; € 2: s (wi,wj) =

e

where w; = {wi1,...,wik}

In this paper the similarity that we use is a modification of the previous one.
This similarity represents the number of coincidences in the number of total char-
acteristics and it is defined as follow:

k
V(wi,wj) € 2x 21 s(wi,w;) = > (1= |wir — wjr|) (2)
r=1

We use this similarity because it is easier to implement with P systems and the

result obtained is the same as we obtain with the similarity of Sokal and Michener.

In the case of the hierarchical clustering the groupings follow a hierarchy formed

by partitions. The partitions are formed in a recursive manner. We start with as

many clusters as individuals, in each iteration the partition is obtained joining the

two closest clusters. This process is done until we obtain a single set formed by

all the individuals. The partitions obtained Py, Py, ..., Py, verify Py C P, C P, C

... C P, with 1 <m < N —1 and the sets that form the partitions are called
clusters.
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Next we define the necessary mathematical concepts in the hierarchical clus-
tering [11].

Definition 3. Let 2 = {w1,...,wn} the k-set of N individuals to classify. A
subset H of the parts of 2, H C P(§2), is a hierarchy over 2 if it verifies:

ReH

{w}e H (Vwe )

If hOW #0 = hC KW ork' Ch (Vh i € H)
U{W | W eH, W Chte{h0} (YheH)

The elements of H are called clusters.
If hi,...,hy, € H with 2 = hy U...Uh, then the set {h1,...,h,} is a clustering.

In order to construct a hierarchy it is necessary to have a similarity between
individuals and another function that measures the similarity between clusters.
The second function is called the aggregation index.

Definition 4. A symmetrical and nonnegative application
d:P(2) x P(2) — R is called aggregation index between clusters if it verifies:

e Vhi, hy € P(Q) : (5(h1,h2) >0
e VYhy, hy € P(Q) : (5(h1,h2) = (5(h2,h1)

There are several aggregation indices [4] that depend on the similarity s chosen.
In this paper we use the aggregation index based on the minimum [5] defined by:

0(h1, he) = min{s(w;,w;) | w; € h1, w; € ha} (3)

If a hierarchy has associated an index that measures the homogeneity degree
between the individuals belonging to the same cluster it is called indexed hierarchy.
We refer to this index by the hierarchical index.

Definition 5. An indexed hierarchy is a pair (H, f) where H is a hierarchy and
f is an application H over R such that:

o f({w}) =k (Vwe )
o VWeH: hCh = f(h)> f()

The hierarchical index is always obtained by means of the aggregation index.
In this paper we define the hierarchical index of a new cluster h obtained from the
union of two clusters h = hy U ha, by means of f(h) = d(hy, ha).
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An algorithm for the construction of an indexed hierarchy

The algorithms that are used to obtain an indexed hierarchy have the same struc-
ture, the only differences in them is the way to compute the similarities between
clusters [3].

The input of this algorithm is the k-set {2 and the aggregation index ¢. The
output is an indexed hierarchy (H, f).

1 Place each individual of (2 in its own cluster (singleton), creating the list of
clusters L = Py

L:R):{Sl :{W1}752:{w2}7"'7SN:{wN}}

In this moment 6({w;}, {w;}) = s(w;,w;) and f({w;}) =k (1 <i<j<N)

2 Find the two closest clusters S;,S; with 1 <i < j < N, which will form a new
class §; = S; U S;.

3 Remove S; from L.

4 Compute the aggregation index, by equation (3), between all the pair of clusters
in L.

5 Go to step 2 until there is only one set remaining.

Remark: If at step 2 there are more than one possibility, then one of them is chosen
at random so the hierarchy obtained is not unique.

3 Hierarchical Clustering of a Group of Individuals

3.1 Designing a P System

The goal of this paper is to obtain one hierarchical clustering of a k-set {2, of NV
different individuals by means of the cellular computing with membranes. We con-
sidered each individual w; € §2 by a k-tuple of dichotomizing variables, 2 C {0, 1}*
which is denoted by w; = (wi1,wi2,...,wik). The similarity between individuals
that we use is the following:

k
s(wi,wj) = Y (1 = |wir — wji])

t=1

This similarity measures the number of equal components between two indi-
viduals.

Let Py = (wij)1<i<ni<j<k be the matrix formed by the k values of N indi-
viduals to classify. We define the P system of degree N with external output,

II(Pny) = (I'(Png), p(Pni), M1, Mo, ... ., My_1, Mn, R, p)

associated with the matrix Py, as follows:
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e Working alphabet:

T(Pyk) ={ejs, djs: 1<j<N1<s<k} Ufas, by: 1<s<k}U
{Sij, Ciyj: 1<i<j<N}U{B:0<i<k-2}U
{aije, Xijp: 1<i<j<N,1<t<k—-1} U{y: 1<i<N} U
{eis 0<i<3k—2} Ufmi: 0<i<(N-1)Bk—1}u{z

Membrane structure: u(Pyk) =[nv[1]1 [2]2 -+ [v=1 ]Nn=1 |N-
Initial multisets:

M ={aNT L 1<s<k A1<i<N-1}U
NI s <k A1<i<N-1}U
{eiﬁsz 1<s<kANi<j<N}U
{d§i7sz):1§SSkAZ§jSN}v 1<i<N-1

My ={ww, €, m};
e The set R of evolution rules consists of the following rules:
— Rules in the skin membrane labeled N:

ro= {eo—eafofU{e — €1 :1<i<3k—-2ANi#k}U
i = nig1:0<i<(N—-1)(3k—1)—1}
Ty = {5u—155fu—>az’j(k—u)i1§i<j§N} 1<u<k-1

Y, {Buct — Bu} 1<u<k-—1

Teo1 = {nv-1)@r—1) — (,0ut)}

re = {ervgij — ek-‘rngj;Q'Yq—l(Xijt,OUt) : 2<g< N,
1<i<j<N, 1<t<k-1}

R

Trp1 = {XijtSipSjp — CipXije: 1<i<j<p<N, 1<t<k-1}U
{XijtSipSpj — CipXije: 1<i<p<j<N, 1<t<k—1}U
{XijeSpiSpj = CpiXije: 1<p<i<j<N,1<t<k-1}

v = {XijtSip = Xijp 1 1<i<p<j< N, 1<t<k-1}U
{XijtSjPHXijt: 1<i<j<p<N,1<t<k-1}U
{XijtSpi = Xije: 1<p<i<j<N, 1<t<k-—1}U
{XijtSpj — Xijr: 1<p<i<j<N,1<t<k-1}U
{XijeSp; — Xije: 1<i<p<j<N,1<t<k-1}

The3 = 1Cij — Sij: 1 <i<j < N}U
{63]@*1ng;27¢1*1 —€100Yg—1: 1<i<j<N, 1<t<k-1}

T;f+3 = {esr—1 — e1fo}
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— Rules in the membrane labeled i {1 <i < N —1}:
Thta = {asejs — (Sij,out): 1<s<k, i+1<j<N}

rk+5:{bsdjs—>(5ij,out): 1§S§k, Z-I—].SJSN}

e The partial order relation p over R consists of the following priority relations:
— Priority relation on the membrane labeled i with 1 <:< N —1: p; =0
— Priority relation on the skin membrane labeled N:
pn={r1>ri>ro>ry > > > fU{rg > U
{rhs1 > Thg2 > rigs > 1 st

3.2 An Overview of Computations

At the beginning of a computation the membrane labeled 7, with 1 <7 < N — 1,
contains the objects as, bs, €5, djs with 1 <s<kandi+1<j <N.In this
membrane the presence or absence of the objects as,bs encode the values of the
individual w;. If the value of w;s is equal to 1 we have the object as and if the
value w;s is equal to 0 we have the object b.

The objects e, d;s with a < s <k and ¢ < j < N are also in this membrane,
and they codify the values of the k components of the individuals w;. If the value
of the component s is 1, i.e. wj; = 1 then the membrane 4 contains the object e;s,
if wjs = 0 then the membrane ¢ contains the object djs.

Initially, the skin membrane contains the objects vx, €¢p and 1n9. The evolution
of the object vy allows us to know the number of clusters in any configuration
of the P system: when the object ; appears, then the individuals are grouped in
i clusters. We use the object ¢y in order to synchronize in 3k — 1 steps the loop,
that allows us to unite two clusters with maximum similarity. The object 7y is a
counter used to stop the P system in the configuration (3k —1)(N — 1) sending in
the environment the object f.

In the initial configuration the only rules that can be applied in membrane
labeled ¢ with 1 < ¢ < N — 1 are ry44, Tr4s, that send the objects §;; with
1 < i < j < N to the skin membrane. The multiplicity of these objects allows
us to know the similarity between individuals of the set {2, that is the number
of equal components between these individuals. In this configuration the rule rg
constructs the object 3.

JFrom this configuration the computation of the P system is formed by loops
of 3k — 1 steps. Each one of these loops is formed by two very differentiated stages.
The first stage is formed by k steps and begins with the object Gy. In these steps
the object S;; with maximum multiplicity is selected encoding the maximum sim-
ilarity between the clusters ¢ and j. In the k-th step of the loop the rule r; creates
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the objects X;;; in the skin membrane and sends a copy to the environment. This
object represents the clusters that have the highest similarity, ¢, that can be joined
to form a new cluster. Moreover, in this step the object -, is transformed in the
object y,—1, encoding the fact that two clusters have been joined.

The second stage is formed by 2k — 1 steps. In the skin membrane there are
the objects X;;; meaning that a new cluster 4 is formed by the union of the
previous clusters ¢, j. The rules ri41,7%+2, Tk+3 calculate the similarities between
new cluster ¢ and the other clusters, this information is kept in the multiplicity of
the objects S;p.

In the (3k — 1)-th step of the loop the rule ri43 transforms the object ez;_1 in
the objects By and €; that allow us to go to the top of the loop.

The first partition consist of N singletons; in each loop two clusters are joined
S0 it is necessary N — 1 loops to obtain the last partition that consists of a cluster
containing all N individuals. Therefore the loop repeats N — 1 times and the rule
r}._ is applied finalizing the P system.

3.3 Formal Verification

In this section we are going to show that the P system IT(Pyy) is non-deterministic,
but, in spite of this for any computation we will obtain a solution of the clustering
problem.

First of all, let us list the necessary resources to construct the P system IT(Ppy)
from the matrix Pyy.

Size of the alphabet: O(N? - k).

Sum of the sizes of initial multisets: O(N - k).
Maximum of rules’ lengths: ©(N).

Number of rules: O(k - N3).

Number of priority relations: ©(k? - N°).
Cost of time: O(N - k).

Bearing in mind the recursive description of the rules and that the amount of
resources is polynomial in N, k, it is possible to construct the system II(Pyy) from
the matrix Pynj by means of a Turing machine working in polynomial time.

Given a computation C of the P system IT(Pyy), for each p € N we denote by
C, the configuration of the P system obtained after the execution of p steps. For
each level [ € {1,2,..., N}, we denote by Cp(l) the multiset of objects contained
in the membrane labeled ! in the configuration Cp.

The following result proves that in the configuration C;, the multiplicity of
the object S;;, V1 <4 < j < N, represents the similarity between the individual
w; = (w“, e ,wik) and the individual Wy = (le, e ,ij).
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Proposition 1. Let C an arbitrary computation of the P system. If
) =max{t: S, € Ci(N)} Vit (1<i<j<N, 1<t<k-1)
1 E
then tl(-j) = (1= wis —wjs |)-

Proof. In the initial configuration we have

Co(l) _ {agN—i)wis7ng—i)(l—wis)’ e;’;s7d§1—w_7’s)

i§j§N7wis 6{071}}

with 1 <i< N —1.

The only rules that can be applied are riy+4 and rg45.The rule rg44 is only
possible to apply when the component s of the individuals w; and w; is equal 1.
The rule 745 is only applied when the component s of the individuals w; and w;
is equal 0.

Whenever one of these rules is applied the object S;; goes out to the skin
membrane. Then in C; (N) the multiplicity of the objects S;; will coincide with the
number of equal components between the individuals w; and wj, i.e. | wis—wjs |= 0.
Therefore the multiplicity of the objects S;; is

k

1
1) =30 | wis —wjs )

s=1

that is, tz(»;) corresponds to the similarity between the individuals w; and w;. O

From now on we denote the maximum multiplicity of the objects S;; in the
step one of the n-th loop of the computation by
t,E;n) = max{t . Sfj S Cl+(n—1)(3k—1) (N)}

In the following proposition we prove that each 3k — 1 steps is constructing
the object By so this object is in the skin of all the configurations of the type
1+ n(3k—1) with 1 <n < N — 2. Moreover we prove in what configuration the
object €; with 1 < j < 3k — 1 appears.

The objects By and €; determine the moment that the loop starts and the
object €3;_1 determines when the loop finishes.

Proposition 2. For eachn (0 <n < N —2), we have:
a) Bo € Cipner—1)(IV)
b) ]f 1 S] S 3k — 1 then €4 S Cl+n(3k71)+(jfl)(N>

Proof. We prove this proposition by induction on n.
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e Forn =0, it is necessary to verify that Gy € C1(NV), and ¢; € C;(N),V1<j <
3k —1.
In the initial configuration we have ey € Co(N) that allows us to apply one of
the rules rg in order to obtain €1, 5y € C1(N), so a) is proved for n = 0.
In the following k — 1 steps the rules o will be applied transforming the object
€1 until we obtain the object €, € Ci(N). In this configuration if there are
the objects a;js,74 € Ci(N) the rule r, will be applied, or the rule 7}, will be
applied. In both cases ¢, evolves to €1 € Ciy1(V).
In the successive configurations the rule ro transforms the objects €; € C;(N),
k+1 < j <3k — 2 until we obtain the object €351 € C3x—1(N).

e Let us suppose the hypothesis for 0 < n < N — 2. Then, we will show that
€ € Clyni1)Be-1)+G-n(N), V1<j<3k—1and By € Cry(niny@r—1)V).
By induction hypothesis esr—1 € Ci4n3p—1)+3k-1-1)(IV) = Cnt1)3k—1) (V).
If in this configuration there is some object X;;; the rules r; 3 will be applied
and in the other case the rule r;_ 5 will be applied. In both cases the object
€sr—1 is transformed in €1, Bo € Ci4(ng1)36—1)(V). So that a) is proved.

Applying k£ — 1 times the rules ryp we obtain V 1 < j < k that the object
€j € Ciy(nt1)3k—1)+(j—1) (V). In the configuration Ci 4 (n11)3k—1)+ (k1) (IV) the
object ¢, is transformed in the object €xy1 € Cip(nt1)3p—1)+%(N) by means
of one of the rules 74 or r},. Then applying the rules ry successively we obtain
Vk+1 S] S 3k — 1 that the object €5 S Cl+(n+1)(3k—1)+(j—1)(N)'

Remark: According to Proposition 2 we have:
€k € Clpn@r—1)4+k—1(NV) = Crgn@e-n(N) ¥n 0<n <N -2

Corollary 1. The objects X;;; are sent to the environment at moments of the type
Cl+n(3k71)+k: with 0 <n < N — 2.

Proof. The only rule that sends some object X;;; to the environment is the rule
r,. In order to be able to apply this rule the object € is necessary, that verifies
€k € Cryn@k—1)+k—1(N) with 0 <n < N — 2 by Proposition 2.

Therefore the objects X;;; can only be sent to the environment in the following
configuration, that is X;j; € Ci4p(sk—1)+k(env). O

Proposition 3. The configuration C(n_1)(3k—1) sends to the environment the halt
object 4.

Proof. Applying (N —1)(3k — 1) times the rule ry the object 19 € Co(NV) is trans-
formed to nn_1)@3r-1) € Cn—1)3k—1)(N). In this configuration the rule r_,
sends the halt object f to the environment. O
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In the following result we prove that it is only possible to modify the environ-
ment in the k-th step of the loop.

Corollary 2. Let C be an arbitrary computation of the P system. For each
0 <n < N —2 the following assertions hold:

a) For eachr (1+n(Bk—1) <r <1+n(3k—1)+ k) we have:
Cr(env) = Ciyn(3k—1)(env)

b) Foreachr (1+nBk—1)+k<r<1+n(3k—1)+3k—1) we have:

Cr(env) = Ciynzk—1)4k(env)

Proof. ;From Proposition 3 the only rule that sends some objects to the envi-
ronment before the halting configuration is the rule r. From Corollary 1 this
rule sends the objects X;;; to the environment in the configuration Cy 4 (3x—1)+4k-
Therefore, for each r Vr 14+ nBk—1) <r <1+nBk—-1)+k, C.lenv) =
Citnie—ny(env) and Vr 14+n@Bk—1)+k<r<14n(Bk—-1)+3k -1

Cr(env) = Cyyn(3k—1)+k(env) concluding the proof of a) and b). O

In the following results we will prove that in each loop one object Xjj; is
sent to the environment. If a loop exists that doesn’t send any object X;;; to the
environment in all the following loops no more objects are sent to the environment.
Therefore a configuration always exists from which any object X;;; is not sent to
the environment.

Firstly we prove that if in the k-th step of the loop the rule 7y is not possible
to be applied then in the following loop it is not possible to apply this rule either.
This is because the objects S;; do not exist in the skin membrane.

Proposition 4. For each n (0 < n < N — 2) if the rule ry cannot be applied in
the configuration Ciyp3x—1)+k—1, then it cannot be applied in the configuration

Cly(nt1)(Bk—1)+k—1-

Proof. In order to apply the rule 7, it is necessary to have the objects €, 7, and
;. According to Proposition 2 €x € Ciin3p—1)41—1(V) for any n.

With the object v, only the rules r;, and ryy3 are applied, this object never
disappears, so it always remains in the skin membrane.

The object «;j; is produced by means of the rule 7, (1 < u <k —1). In order
to apply this rule it is necessary to have the object 3,_1 and some object S;;. The
object (1 is produced by means of the rules v, 75, ... 7, _;.

Therefore if in the configuration Cy 4, (3x—1)4 the rule ry cannot be applied, it
is because the object a;;; does not exist, then the objects Si; € Ciin3p—1)(IV) do
not exist.

¢From the configuration Cy_y,,(3x—1)4+k—1 to the configuration Cyy (p41)(3k—1)+k—1
in the skin membrane the only rule that can produce the objects S;; is the rule
Ti+3. To apply this rule, the objects C;; are necessary, that are produced in the
rule 7441 from the objects S;;. As the objects S;; do not exist the rule 741 cannot
be applied. O
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The following result proves that if the environment in the k-th step of the loop
n 4+ 1 is equal to the environment in the k-th step of the loop n then the environ-
ment is the same until the halting configuration.

Corollary 3. For eachn (0 <n < N —2) if

Cipn3h—1)+k(€nv) = Ciy (n41)(36—1)+k(€NV)

then for each n’ (n < n’ < N —2) we have

Cl+n(3k71)+k(env) = Cl+n’(3k71)+k(en7})

Proof. We prove by induction that

Cig(ntj)3k—1)+k(€nV) = Ciy(ngjr1)sh—1)+k(env) Vji(0<j< N —n—3)

e The case base, j = 0, corresponds to the hypothesis of the corollary, so
Ciin@r—1)+k(€n0) = Cry(ny1)3k—1)+1(€NV).

e We suppose true for the cases 0 < j < N —n — 3. Let us show that the result
is true for j + 1.
By induction hypothesis we have

Cit (nt5)3k—1)+k(€nV) = Ciy (ntjr1)36—1)+k(€N0)

that is, in the previous configuration to these it has not been able to send
any object to the environment, that is the rule r; has not been possible to
apply. By Proposition 4 if in the configuration Cyy (n4j41)(3k—1)4k—1 cannot be
applied the rule 7 in the configuration Cy (n4j42)(3k—1)4+k—1 cannot be applied
either. Therefore it is not possible to send any object to the environment and

Cry(ntij+1)3k—1)+k(€70) = Cip (n4j12)(3k—1)+k(€NV). 0

We are going to prove that a loop always exists from any object X;;; is sent to
the environment, so it is not possible to apply the rule ry.

Corollary 4. For each computation C there exists an unique object ve (1 < ve <
N — 2) such that in the configuration Cit(ve—1)(3k—1)+k the rule i is applicable
and in the configuration Ciy(,.)(3k—1)+k the rule ry is not applicable.

Proof. By Proposition 4 and by Corollary 3 if in the configuration Cy4 (¢ )3k—1)4k—1
the rule 7 is not applicable, then for each j (v¢ < j < N — 2) we have
Ciive3r—1)+k(€nv) = Cryj@r—1)+k(env).

Therefore, the rule r is not applicable in any configuration of the type Ci4j(sk—1)+k—1,
Vi ve<j<N-2

The following result allows us to give a meaning to the value ¢ of the object
Xijt~
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Proposition 5. Let C be an arbitrary computation of the P system and let the
object X, . . that is sent to the environment by the rule ry, in the configuration

N injn

Clk+1)+n(3k—1)—1- Then, we have

N

tnJn

= max{t | Sj; € Ciin@e-n(N), 1 <i<j<N}

Proof. As the rule 7 is applicable in the configuration C(41)41n3k—1)-1 then
ainjntgzzn € C(k+1)+n(3k—1)—1- The object o it is obtained from the applica-
tion of one of the rules Mgy, OVer the object S’f](r:)” , where tE:L;n is the maximum
of the multiplicities of the objects S;;. If another ¢’ > tg:) exists then the rule

ry—¢ will be applied and so the rule r has not been a;pplied. O

fe—t(™),

nin

The following result proves that the maximum multiplicity to the objects S;;
pertaining to the skin membrane in any loop n is always greater or equal to the
multiplicity the objects S;; of the following loop n + 1.

Proposition 6. Let w, = max{t : S}; € Ciyn@r—1)(N), 1 <i < j < N}, with
0<n<N—2. Then w, > Wwn41, for each n.

Proof. If w, = max{t : S}; € Ciin@r-1)(N)}, in the following configura-

tions Ciyp(3k—1) the rule rg is applied successively and the rules with priority

7157, s Ty — 1, Tw, UNtil arriving at the configuration Ciyy(3k—1)4w,. The ob-
ject S;j is not used in the rules ry,75,...,7, _;. For Proposition 5 in the rule

Tw, is used the object S;; that have the maximum multiplicity equal to w,. By
this rule the object S;; is eliminated by the membrane labeled by N, therefore
Wy, > max{t : Sfj S Cl+n(3kfl)+w” (N)}

From this configuration the rule ry is applied k — w,, times until we obtain the
object €. In these configurations the objects S;; do not evolve.

o If w, # 0, then in the configuration Cy4,(3x—1)+k—1 When the rule 74, is
applied the information of some objects S;; is sent to the object C; and later
this information is transformed in the object S;; by means of the rule ry 3.
The rule 7,12 deletes some objects S;;, so the multiplicity of these objects
never increases, it is only possible to decrease. After that the rule rq is applied
since to arrive at the configuration Cyy(n41)3k—1)-

So, wy4+1 = max{t : Sfj S Cl+(n+1)(3k—1)(N)} < wy.

o If w, = 0, then the objects S;; do not belong to the skin membrane and by
Proposition 4 it is not possible to produce any object S;;, so: wy41 = max{t :
Sitj € Cip(nen3r-1)(N)} = 0. g

Remark: According to Proposition 6 we obtain t; > to > ... > t,.

By the following result we show that if a loop goes out to the environment an
object of the type X;j;, then in the following loop the objects S;;, Sy, Sja,
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i ¢ {i,j} disappears from the skin membrane. That is, at the moment that two
clusters {,j} are joined a new class 4 is formed and all the objects S;js that have
subscript j disappear.

Proposition 7. Let C be an arbitrary computation of the P system. Let

X Xi2j2t§2)_ yoor X ’ € Ciqnesk—1)(env), with 1 <n <wve

(1
11]1t,(- ) injo

i171 tnjn

If Sij € Ciqpn@3r—1)(N) then

a)
b)

(Za]) ¢ {(ilajl)v SRR (Zn;]n)}
{i,5} €{1,....,N} = {41, -, Jn}-

Proof. We prove the result by induction on n.

For n=1.

If in the configuration C the rule r; sends the object Xi (1 to the environ-

Ultllh

ment, then by Proposition 6 in the configuration C, 1) with 1 < tM < k the

v 11
i141 J

.j: have disappeared. Therefore

rule rk—tﬁ’jl has had to apply so the objects S;
the objects Si; € Ci4(3—1)(IN) verify that (4,7) ¢ {(i1,41)}

In the following configurations when we apply the rule r41 the pairs of objects
(Siips Sjip)s (Siips Spji ), (Spiys Spj, ) are transformed respectively to the objects
Ci,p, Ciyp, Cpiy , these objects do not have the subscript j;. After that the rule
rk+2 is applied in order to eliminate the objects

Siips Sjips Spiv» Spjn € C1 that have not been eliminated in the previous con-
figurations. By these rules all the objects S;; with {é,j} N {i1,51} # 0 have
disappeared.

After that when we apply the rule 443 the objects Cj;, i1 € {i,j} are trans-
formed in the objects Sy, i1 € {i,j}. Therefore if the objects S;; € C14(3k—1)

then (27.7) % {(iljl)}v {ZJ} € {1’ e "N} - {]1}

Let us suppose the proposition holds for 1 < n < v¢. Let us show that the the
result is held for n + 1.
If the object X,

i agm gt D) € Citn(sk—1)(env) by Proposition 6 in the

in41Jin41

. +1)
with 1 <t < kthe rule . nin
it 1intl +n(3k—1) — “tn41dn+1 kitin«#ljn«#l

has had to apply and the objects S;,_,;,,, have disappeared. Therefore the
objects Sij € Ciy(n+1)(3k—1)(IV) verify that (i,5) & {(4nt1,Jn+1)}, by induction
hypothesis (¢,7) ¢ {(i1,71),-- -, (in,jn)} then

(27]) ¢ {(ilvjl)a RS (in+lajn+1)}'

In the following configurations when we apply the rule ;1 the pairs of objects
(Sin+1p’ Sjn+1p)7 (Sin+1p7 Spjn+1)’ (Spin+1 ’ Spjn+1) are transformed respectively
in the objects C;,,p,Ci, . 1p, Cpi,.i» these objects do not have the subscript
Jn+1. After that the rule riio is applied in order to eliminate the objects

configuration C, _,n+1)
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Sini199SGns10s Oping1s Opjns1 € Clyn(3k—1) that have not been eliminated in the
previous configurations, with these two rules all the objects S;; with {¢,j} N
{int1,Jn+1}+ # 0 have disappeared.
When we apply the rule r3 the objects Cj, in41 € {i,7} are transformed in
the objects Si;, in+1 € {i,7}
So if Sij € C1+(n+1)(3k_1)(N) then
(4,7) € {(int1dnt1) }, {5 €{1,... . N} = {jns1}-
And by the induction hypothesis S;; € Ci4(n+1)36—1)(IV)
(z,]) ¢ {(’Lljl), R (znjn)}, {i,7} = {1, o N}={j1.. ]n} t].nerefore
(7".]) ¢ {(7'1.71)7 AR (Zn-‘rljn-‘rl)}) {Z7J} € {17 s 7N} - {.71 X 'jn-‘,-l}
concluding the proof of b). O

In the following proposition we study how the multiplicities of the objects S;;
changed at the moment that two clusters joined.

Proposition 8. Let C be an arbitrary computation of the P system. Let us sup-
posse that X, s X @ s X e € Ciyn(sk—1)(env) with 1 <n < ve,

2191 22792 nin

and tl(;b) = mam{t : Sij € Ciyn(sk—1)}- Then,

o Ifi, ¢ {i,j} then tz(-;”rl) = tl(-;-l). That is, the multiplicity of the objects S;; is
the same in the configurations Ciyyn3k—1) and Ciy(nt1)(3k—1)-

o If1<i, <jn<p<N then t(nﬂ) mln{tgnp,t(n)} That s, the multiplic-

ity of the objects S;, p corresponds to the minimum multiplicity of the objects
Sinpr Sjup-

o If1<i,<p<ijn <N then t(nﬂ) mln{tl o (n)} That s, the multiplic-
ity of the object S; , corresponds to the minimum multiplicity of the objects
Sinps Spjn -

o If1<p<iy<ijn<N then t;?:l) mln{t(n t(n)} That is, the multiplic-

Pin’ "Pin
ity of the object Sy;, corresponds to the minimum multiplicity of the objects
Spin’ Spjn :

Proof. For the proof of Proposition 7 when we apply the rule r¢4q in the con-
figuration Cpy(n—1)(3k—1) the pairs of objects (S, p, Sj.p)s (Sinp> Spin)s (Spin> Spin)
are transformed respectively in the objects C;, p, C;, p, Cps, . Therefore the num-
ber of objects Cj, p, Ci,.p, Cpi,, are the same respectively of the pairs of the ob-
jects (Si,p, Sjnp)s (Sinp> Spin)s (Spin» Spj, ). After that the rule rjyo is applied in
order to eliminate the objects S, ,,S5j,p, Spi,»Spj. € Cit(n—1)3k—1) that have
not been eliminated in the previous configurations. So the multiplicity of the ob-

; p,t(")} mln{tinl)j,t(" }, and

mln{tm , p] } When we apply the rule ri43 the objects Cj; are transformed in
the objects S;;. O

jects C’lnp, Cznp, Cpi,, is respectively equal to mm{t

Next, we define how the partition of the individuals is formed from the objects
sent to the environment.
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Definition 6. Given a computation C of the P system we denote the succession of
partitions of the set of the individuals by A§, A, ...,Ag. These partitions are
constructed recursively as follows:

The initial partition is formed by the initial individuals,
A§ = {3257 . BON} with ¢ =i y BY = {w;} = {i}

The partition A 18 constructed from the object X s t(l) € Cr41(env) with
1<i1 <j1 <N as follows: "

As{qd,..., ¢y ={1,...,N} then {i1,j1} C{q,...,a'}.

If iy = qf, 71 = q with 1 <u < s <N, then the new cluster is

By = Bgu U By, with ¢f = qf and

By ¢ Af

B} =B} forl € {g5---,4)'} — {a§, 95}
Then the new partition obtained is A = {Bll, o B;fv_l}

In a recursive manner we obtain the partition Ag—&-l as follows:
s From the ob]ectsX D) X gntininm € Clly1)+(n—1)3k—1)(€nv) the parti-
tion AC = {B IERRR BqN,,,L} have been obtained and in the configuration C(j1)4n(3k—1)
the object X. (n+1) with 1 <ipy1 < jnt1 < N is sent to the environment.

Int1dnt1 int1dn41

By Proposition 7, {in+1,Jn+1} € {1,... . N} —={Jj1,J2, ..., Jn} therefore ini1 <

Jn+1 and {ini1, jny1} C {quu S 7@277”
By construction of the partition it is verified {q.,...,¢Y "} Cc {1,...,N} and

we have {j1,72, .., dn} N {at,...,¢V "} =0

Let int1 = q, jny1 = ¢ with 1 < u < s < N, then the new cluster is
B"Tl = By, U By, with g4y = g

Bn ¢An+1
B"“ By with1 € {g,....aY ™"} —{q¥, ¢3}
C _ n+1 n+1
Then A5 = {B%11+1 , B"™Y - 1}

Theorem 1. Let C be an arbitrary computation of the P system. Let us suppose
that S L € Cipn@k—1)(N) and S;E;)H & Crpnsk—1)(N), with 1 <n < wve. Then,
ti‘j ™ s the minimum similarity between any pair of individuals pertaining to BZT“IU
B;.L L. That is, t™) corresponds to the aggregation index between the groups B;L_l

» Vg
and B;l L.
t7 = min{t': 8, € C(N),  SLF' ¢ Ci(N): ¥, € Bl UBL)

Proof. We prove the theorem by induction on n.
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e Forn=0.
<0>

By Proposition 1 if S’ € C1(N) then tg)) corresponds to the similarity be-
tween individuals ¢, j.

e Let us suppose it is certain for n with 1 < n < ve.

o Let us show that the theorem is held for n + 1.
In the configuration Cj41)4(n—1)(3k—1) the partition AC = {th, . B;‘N_n} is

obtained and in the configuration C(j4.1)4n(3r—1) the object Xinﬂjnﬂt 1)
nt13

n+1
with 1 <41 < Jng1 < N is sent to the environment, then:

— For Proposition 8 if 4,41 ¢ {i,7} then t(nH) = t(") By the induction

hypothesis t( ") is the aggregation index between the groups ¢, 7 and for the

definition 6, B”+1 B"+1 B”+1 BTH'1 then the theorem is true.

(1) () )
int1] in41J? “Jn+1]

corresponds to the minimum similarity between any

— For Proposition 8 we have ¢, = mln{t .} and by induction

(n) (n)
% +1J’tj +1J

pair of individuals pertaining respectively to Bj ﬁ U B}~ ! , B} +11 UB}~ L

Therefore tl s J) is the minimum of these two similarities and B} = =

Bf LU B" ! then it is verified that the minimum similarity between any
n+1 In+1

pair of individuals pertaining to B} 'Y Bj”. O

hypothesis t;

The following result proves that if in the configuration Cix11)4m—1)3k—1) the
object X jatlm  goes out to the environment, then when we form the partition

tnin
AC the smlllarltles between two individuals obtained in each set of AC are always

greater or equal than t(")

Proposition 9. Let C be an arbitrary computation of the P system. Let us sup-

pose that in the configuration C(xi1)4(n—1)3k—1), with 0 < n < ve — 1, the
object X e is sent to the environment, and the new partition is AfL =

tnJn inin

{B%,...,B™_,}. Then, the hierarchical index of the cluster Bl is ¢ , and
q;, qn in tnJn

the hierarchical index of the rest of clusters AS — {B} } is greater or equal to
(n)
t

injn”
Proof. We prove this result by induction on n.
For Definition 6, A§ = {{w1},...,{wn}} and f({w;}) =k with 1 <i < N.
e Forn=1.
= {B;%7 ey B;{\;,l} with Bi1 = {wil,wjl} and Bj = {wj}, Vj 7é il.
Then f(BJ) =k Withj 7é il
and f(B;,) = t;l; because s(w;, ,wj,) = t < k-

171
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e We suppose that is true for any 1 < n < ve. Let us show that the result holds
for n + 1.

In the configuration C(j41)4n(3x—1) the rule 74 sends the object X, . 41
ntrdndrli, g,
to the environment, where tg:jllj)nH is the similarity between the clusters ;41
and j,y1. By construction of the P system tz(':rllj)nﬂ < t, and the partition is
AﬁH = B;ﬁ+1 ,oo, B L} for Definition 6:
n+1 dpi1
- If ipy1,0n+1 € B;ﬁ then B;’ﬁl = B;L, and for induction hypothesis
n n+1 n
n+1ly _ 4(n) (n+1)
f(Bq,I,'LJrl) - tinjn = tin+1jn+1'
+1 _ (n+1)
If Bi’;“ = BZ-ZH )U B]TL“H and 5(BZLH, B;?’LH) =t a1 then
n+ly _ 4(n+1
f(Bin-H) - tin+1jn+1' U

Proposition 10. The P system IT1(Pyy,) allows us to find a hierarchical clustering.

Proof. ;From the partition A§, A, ...,Ag according to Definition 6 we can
obtain an indexed hierarchy Py, P,..., Py with 1 <m < N — 1.
By Proposition 9 all partitions A¢ have a hierarchical index ¢, = tE:jn and we
denoted by (A§,to), (AF,t1),..., (A, tp) with
to > t1 :t2:...tp1 >tp1+1 Z...:tp2 > ... >t;Dm =...=1p.
In order to construct the partition Py, Py, ..., P, we do the following steps:
- PO = AO = {{wl}, {(.UQ}, ey {WN}}.
— The partitions Ay, ..., A, have associated a hierarchical index equal to t; so
P=A,.
—  The partitions Ay, 41, ..., Ap, have associated a hierarchical index equal to tp,
so Py =A,,.

— And successively until we have one of the following situations:
— if Ay has a hierarchical index t9 = k — 1 then P,,, = Ay = 12.
— if Ay has a hierarchical index t9 < k — 1 then P,,_1 = Ay and P,, = (2.
O

4 Conclusions

One of the central issues when we have a set of individuals characterized by a
k-tuple is to obtain a cluster that allows us to group similar individuals.

In this paper we propose a non-deterministic P system with external output to
obtain a hierarchical clustering. This P system gives one of the possible solutions
to the problem. We give an efficient (semi-uniform) solution to the problem of clus-
tering in the framework of the cellular computing with membranes. The solution
is semi-uniform because for each matrix formed by the values of the individuals,
a specific P system with external output is designed. The solution is efficient, be-
cause it is polynomial in order of the number of N individuals and of the number
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of k characteristics. The amount of resources initially required to construct the
system is quadratic in N and k.

The mechanisms of the formal verification of P systems are often a very hard

task. So to have new examples is always interesting, in order to find systematic
processes of formal verification in a model of computation oriented to machines, like
the cellular model. The paper also provides a new example of formal verification
of P systems designed to solve a problem, following a specific methodology valid
in some cases as those considered in the paper.
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